SECTION A

THE THEORY OF DEDUCTION

THE purpose of the present section is to set forth the first stage of the
deduction of pure mathematics from its logical foundations. This first stage
is necessarily concerned with deduction itself, e with the principles by which
conclugions are inferred from premisses. If it is our purpose to make all our
assumptions explicit, and to effect the deduction of all our other propositions
from these assumptions, it is obvious that the first sssumptions we need are
those that are required to make deduction possible. Symbolic logic is often
regarded as consisting of two coordinate parts, the theory of classes and the
theory of propositions. But from onr point of view these two parts are not
coordinate ; for in the theory of classes we deduee one proposition from another
by means of principles belonging to the theory of propositions, whereas in the
theory of propositions we nowhere require the theory of classes. Hence, in a
deductive system, the theory of propositions necessarily precedes the theory
of clasaes.

But the subject to be treated in what follows is not quite properly described
as the theory of propositions. It is in fact the theory of how one proposition
can be inferred from another. Now in order that one proposition may be
inferred from another, it is necessary that the two should have that relation
which makes the one a consequence of the other. When a proposition g is a
consequence of a proposition p, we say that p implies g Thus deduetion
depends upon the relation of implication, and every deductive system must
contain among its premisses as many of the properties of implication as are
necessary to legitimate the ordinary procedure of deduction. In the present
section, certain propusitions will be stated as premisses, and it will be shown
that they are sufficient for all common forms of inference. It will not be shown
that they are all necessary, and it is possible that the number of them might
be diminished. All that is affirmed concerning the premisses is (1) that they
are true, {2) that they are sufficient for the theory of deduction, (3) that we
do not know how to diminish their nomber. But with regard to (2), there
must always be some element of doubt, since it is hard to be sure that one
never uses some principle unconsciously. The habit of being rigidly guided
by formal symbolic rules is a safeguard against unconscious assumptions; but
even this safeguard is not always adequate.
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Since all definitions of terms are effected by means of other terms, every
system of definitions which is not cireular must start from a certain apparatus
of undefined terms. It is to some extent optional what ideas we take as
undefined in mathematics; the motives guiding our choice will be (1} to
make the number of undefined ideas as small as possible, (2) as between twa
gystems in which the number is equal, to choose the one which seems the
simpler and easier. We know no way of proving that snch and such a system
of undefined ideas contains as few as will give such and soch results®, Hence
we can only say that such and such ideas are undefined in such and such
& system, not that they are indefinable. Following Peano, we shall call the
undefined ideas and the undemonstrated propositions primitive ideas and
primitive propositions respectively. The primitive ideas are explained by means
of descriptions intended to point out to the reader what is meant; but the
explanations do not constitute definitions, because they really involve the ideas
they explain.

In the present number, we shall first enumerate the primitive ideas
required in this section; then we shall define smplication; and then we
shall enunciate the primitive propositions required in this section. Every
definition or proposition in the work has a number, for purposes of reference.
Follwwing Peano, we use numbers having a decimal as well as an integral
part, in order to be able to insert new propositions between any two. A change
in the integral part of the number will be used to correspond to a new
chapter. Definitions will generally have numbers whose decimal part is less
than ‘1, and will be usually put at the beginning of chapters. In references,
the integral parts of the nwnbers of propositions will be distinguished by
being preceded by a star; thus “#1'01" will mean the definition or proposition
a0 numbered, and " &l1" will mean the chapter in which propositions have
numbers whose integral part is 1, t.e. the present chapter. Chapters will
generally be called “ numbers.”

PriviTive IDEAS.

(1) Elementary propositions. By an “elementary " proposition we mean
one which does not involve any variables, or, in other language, one which
does not involve such words as *all,” “ some,” * the " or equivalents for such
words, A proposition such as “ this is red,” where “ this" is something given
in sensation, will be elementary. Any-combination of given elementary
propositions by means of negation, disjunction or conjunction (see below) will

* The recognized methods of proving independence sre not applicable, without reserve, to

fundamentals. CFL Principles of Mathematics, § 17. What is there said eoncerning primitive
propositione applies with even greater foree to primitive ideas,
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be elementary. In the primitive propositions of the present number, and
therefore in the deductions from these primitive propositions in «2—a5, the
letters p, g, r, & will be used to denote elementary propositions.

{2) Elementary propositional functions. Byan “ elementary propositional
function” we shall mean an expression containing an undetermined consti-
tuent, 1.2, a variable, or several such constituents, and such that, when the
undetermined constituent or constituents are determined, 1.2, when values are
assigned to the variable or variables, the resulting value of the expression
in guestion is an elementary proposition. Thus if p is an undetermined
elementary proposition, “not-p * is an elementary propositional function,

We shall show in #9 how to extend the results of this and the following
numbers (al—3) to propogitions which are not elementary.

(3) Assertion. Any proposition may be either asserted or merely con-
sidered. If I say * Caesar died,” I assert the proposition * Caesar died,”
if T say **Caesar died® is a proposition,” I make a different assertion, and
“Caesar died ™ is no longer asserted, but merely considered. Similarly in a
hypothetical proposition, eg. *if @ = b, then b=a," we have two unasserted
propositions, namely “a = §" and “b =a" while what 15 asserted is that the
firat of these implies the second. In language, we indicate when a proposition
is merely considered by *if so-and-so" or “that so-and-so™ or merely by
inverted commas. In symbols, if p is a proposition, p by itself will stand
for the uwnasserted proposition, while the asserted proposition will be de-
signated by

i b i p‘"

The sign “F" is called the assertion-sign®; it may be read “it is true that”
{although philosophically this is not exaetly what it means). The dots after
the assertion-sign indicate its range; that is to say, everything following is
asserted until we reach either an equal mumber of dots preceding a sign
of implication or the end of the sentence. Thus “F:p.J.q" means “ it is
true that p implies g." whereas“ F.p.JF. ¢ " means “p is true; therefore
g is truet.” The first of these does not necessarily involve the truth either
of p or of ¢, while the second involves the truth of both.

(4) Assertion of a propositional function. Besides the sssertion of
definite propositions, we need what we shall eall “assertion of a propositional
function.” The general notion of asserting eny propositional function ia
not used until 49, but we use at once the notion of asserting various special
elementary propositional functions. Let ¢z be a propositional function whose
argument is x; then we may sssert ¢ without assigning a value to =
This is done, for example, when the law of identity is ssserted in the form
"Ais 4" Here 4 is left undetermined, because, however 4 may be deter-

* We have adopted both the idea and the symbol of sssortion from Frege.
1 UL Poineiples of Mathematics, § 38,
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mined, the result will be true. Thus when we assert ¢, leaving 2 undetermined,
we are asserting an ambigoous value of our function. This ia only legitimate
if, however the ambiguity may be determined, the result will be true. Thus
take, as an illustration, the primitive proposition #1'2 below, namely
“Fipvp.d.p"

ie. "'p or p' implies p"" Here p may be any elementary proposition: by
leaving p undetermined, we obtain an assertion which can be applied to any
particular elementary proposition. Such assertions are like the particular
enunciations in Evclid: when it is said “let ABC be an isosceles triangle;
then the angles at the base will be equal,” what is said applies to any isosceles
triangle ; it is stated concerning one triangle, but not concerning a definite
one, All the assertions in the present work, with a very few exceptions, assert
propositional functions, not definite propositions,

As a matter of fact, no constant elementary proposition will cccur in the
present work, or ean oceur in any work which employs only logical ideas,
The ideas and propositions of logic are all generaf: an assertion (for example)
which is true of Socrates but not of Plato, will not belong to logic®, and if an
assertion which is true of both i to occur in logie, it must not be made
concerning either, but concerning a variable = In order to obtain, in logie,
& definite proposition instead of a propositional function, it is necessary to
take some propositional function and assert that it is true always or some-
times, 1.2, with all possible values of the variable or with some possible value.
Thus, giving the name *individual " to whatever there is that is neither
& proposition nor a funection, the proposition  every individual is identical
with itsell” or the proposition “ there are individuals” will be a propesition
belonging to logie. But these propositions are not elementary,

(5) Negatien If p is any proposition, the propesition “not-p” or " p is
false,” will be represented by “~p." For the present, p muost be an elementary
proposition.

(6) IDhgpunction. If p and g are any propositions, the proposition “p or g,"
1.2, “either p is true or g is true,” where the alternatives are to be not
mutually exelusive, will be represented by

JIP v q."

This is called the disjunction or the logical sum of p and q. Thos “~pwg"”
will mean “p is false or ¢ is true”; “ ~(pvg)" will mean " it is false that
either p or ¢ is true,” which is equivalent to "p and g are both false”;
o (e p o~ )" will mean “it is false that either p is false or g is false,” which
is equivalent to “p and g are both true”; and so on. For the present, p and
g must be elementary propositions.

* When we say that a proposition “belongs to logie,”" we mean that It can be expressed in

terma of the primitive ideas of logle. We do Dot mesn that loghe applies Lo i, for that would of
course be true of soy proposition.
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The above are all the primitive ideas required in the theory of deduction.
Other primitive ideas will be introduced in Section B

Definition of Tmplication, When a proposition ¢ follows from a proposition
p. 80 that if p is true, g must also be troe, we say that p implies . The idea
of implication, in the form in which we require it, can be defined. The mean-
ing to be given to implication in what follows may at first sight appear some-
what artificial; but although there are other legitimate meanings, the one here
adopted is very much more convenient for our purposes than any of ita rivals,
The essential property that we require of implication is this: “ What is
implied by a true propesition is true" It is in virtue of this property that
implication yields proofs. But this property by no means determines whether
anything, and if so what, is implied by a false propesition. What it does
determine is that, if p implies g, then it cannot be the case that p is troe and
q is false, 1. it must be the case that either p is false or g is troe. The most
convenient interpretation of implication is to say, conversely, that if either p
is false or ¢ is true, then * p implies g" is to be true. Hence "p implies ¢
is to be defined to mean: * Either p is false or ¢ is true.” Hence we put:
#10L plg.=.~pvg DI

Here the letters DP " stand for * definition.” They and the sign of equality
together are to be regarded as forming one symbeol, standing for * is defined
to mean®.” Whatever comes to the left of the sign of equality is defined to
mean the same as what comes to the right of it. Definition is not among the
primitive ideas, because definitions are concerned solely with the syboliam,
not with what is symbolised ; they are introduced for practical convenience,
and are theoretically unnecessary.

In virtue of the above definition, when * p 2 ¢" holds, then either pis false
of g is true; hence if p is true, ¢ must be true. Thus the above definition
preserves the essential characteristic of implication ; it gives, in fact, the most
general meaning compatible with the preservation of this characteristic,

PRIMITIVE PROPOSITIONS.
#1'l. Anything implied by a true elementary proposition is true. Ppt.

The above principle will be extended in %2 to propositions which are not
elementary. It is not the same as "4 g is true, then +f p implies g, ¢ is true”
This is a true proposition, but it holds equally when p is not true and when p
does not imply g. It does not, like the principle we are concerned with, enable
us to assert g simply, without any hypothesis. We cannot express the principle
symbolically, partly because any symbolism in which p is variable only gives
the hypothesis that p is true, not the fact that it is troel.

* The sign of equality not followed by the letters - DI will bave a diferent meaning, to be
defined later,

t The lekters ** Fp* stand for * primitive proposition,” &s with Peapo,

* For larther remarks oo this principle, of . Prinsiples o7 M uthematics, § 38,
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The above principle is used whenever we have to deduce a proposition
from a proposition. But the immense majority of the assertions in the
present work are assertions of propoesitional functions, e they contain an
undetermined variable, Since the assertion of a propositional funetion is a
different primitive idea from the assertion of a proposition, we require o
primitive propesition different from #1'1, though allied to it, to enable us to
deduce the assertion of a propositional function =" from the assertions of
the two propositional functions “ ¢a" and “ eI e This primitive pro-
position s as follows: )
#1-11. When ¢ur can be asserted, where = is a real variable, and ¢z 2 yrx can
be asserted, where = is a real variable, then Y= can be asserted, where xis a
real variable. Pp.

This principle is alzo to be assumed for functions of several variables,

Part of the importance of the above primitive proposition is due to the
fact that it expresses in the symbolism a result following from the theory of
types, which requires symbolie recognition. Suppose we have the two assertions
of propesitional functions *F . gz and “F.ge I 2" then the =" in ¢a s
not absolutely anything, but anything for which as argument the function " g
is significant; similarly in ¥ g D 4= " the 2 is anything for which “ ez
is significant. Apart from some axiom, we do not know that the «'s for which
“ga Iy is significant are the same as those for which * ¢+ " ia significant.
The primitive proposition w1-11, by securing that, as the resolt ofthe assertions
of the propositional functions ¥ da " and “da I rx," the propositional funetion
“or " can also be nsserted, secures partial symbolic recognition, in the form most
useful in actual deductions, of an important principle which follows from the
theory of types, namely that, if there is any one argument a for which both
*ga" and * yra " are significant, then the range of arguments for which "¢ "
is significant is the same as the range of arguments for which * ™ is sip-
nificant. It iz obvious that, if the propositional function " ¢ I ez ™ can be
asserted, there must be arguments a for which " ga I +a " is significant, and
for which, therefore, "¢a"” and “+u" must be significant. Hence, by our
principle, the values-of = for which * ¢ is significant are the same as those
for which “ 2" is significant, i.e. the type of possible arguments for ¢ (ef
P 15} is the same as that of possible arguments for 42 The primitive pro-
position #1°11, since it states a practically important consequence of this fact,
is called the "axiom of identification of type.”

Another consequence of the principle that, if there is an arguinent o for
which both g und +ra are significant, then ¢« is significant whenever yrr is
significant, and viee versa, will be given in the * axiom of identification of real
varinbles" introduced in %172 These two propositions, #1'11 and #1772, give
what is symbolically essential to the conduect of demonstrations in accordance
with the theory of types.
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The above proposition #1'11 is used in every inference from one asserted
propositional funetion to another. We will illustrate the use of this proposition
by setting forth at length the way in which it is first used, in the proof of
#2086, That proposition is

“brplg.digIr.D.pIrt
We have already proved, in #2035, the proposition
Fiagdr.J:plg.J.pIr
It is obvious that #2'06 results from #2-05 by means of #204, which is
Fep.D.gIdr:dig.d.pIr.
For if, in this proposition, we replace p by gJr, g by pJ g, and r by p2r,
we obtain, as an instance of %204, the proposition
Fizgdr.D:plg. 0. prtdeplg.igIdr.d.pdr (1),
and here the hypothesis is asserted by #2:05. Thus our primitive proposition
#1'11 enables us to assert the conclusion.

sl'2 F:pvp.d.p Pp

This proposition states: “ If either p is true or p is true, then p is true"”
It is called the " principle of tautology,” and will be quoted by the abbreviated
title of " Taut.” It is convenient, for purposes of reference, to give names to
a few of the more important propositions; in general, propositions will be
referred to by their numbers,
#13 F:g.J.pvyg Pp

This principle states: “If g is troe, then ‘p or ¢° is true.” Thus eg. if g ia
* to-day is Wedneaday * and p is * to-day is Tuesday,” the principle states:
“If to-day is Wednesday, then to-day is either Tuesday or Wednesday." It
is called the " principle of addition,” because it states that if a proposition ia

true, any alternative may be added without making it false. The principle
will be referred to as “Add.”

sld F:ipvg.d.gvp Pp

This principle states that “p or ¢" implies “g or p." It states the
permutative law for logical addition of propositions, and will be called the
= principle of permutation.” It will be referred to as * Perm.”

#l6 Fipvigvr).D.gvipvr) Fp

This principle states: “ If either p is troe, or * g or v’ is true, then either
g is true, or ‘por v’ is true.” It is a form of the associative law for logical
addition, and will be called the * associative principle” It will be referred to
as “Assoc” The proposition

pyigvrel. d.(pvglvr,

which would be the natural form for the associative law, has less deductive
power, and is therefore not taken as a primitive proposition.
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18 Figlr.D:pvg.d.pvr Pp

This principle states: * If g implies v, then “p or ¢ " implies ‘p or v.'" In
other words, in an implication, an alternative may be added to both premiss
and conclusion without impairing the truth of the implieation. The principle
will be called-the “principle of summation,” and will be referred to as “ Sum."”
#17. If p is an elementary proposition, ~p is an elementary proposition. Pp.
#17TL. If p and g are elementary propositions, p v ¢ is an elementary pro-
position. Pp.
%172 If ¢ép and ¥p are elementary propositional functions which take
elementary propositions as arguments, ¢pv yp is an elementary propositional
funetion. Pp.

This axiom is to apply also to functions of two or more variables, It is
called the “ axiom of identification of real variables” It will be observed that
if ¢ and 4 are functions which take arguments of different types, there is no
such function as “ ¢av v, becavse ¢ and 4 cannot significantly have the
same argument. A more general form of the above axiom will be given in %9,

The use of the above axioms #1-7-T1-72 will generally be tacit. It is only
through them and the axioms of #9 that the theory of types explained in the
Introduction beeomes relevant, and any view of logic which justifies these
axioms justifies such subsequent reasoning as employs the theory of types,

This completes the list of primitive propositions required for the theory
of deduction as applied to elementary propositions.



»2. IMMEDIATE CONSEQUENCES OF THE
PRIMITIVE PROPOSITIONS

Summary of 2.

The proofs of the earlier of the propositions of this number consist simply
in moticing that they are instances of the general rules given in =1 In such
cases, these rules are not premisses, since they assert any instance of them-
selves, not something other than their instances. Hence when a general rule
is adduced in early proofs, it will be adduced in brackets®, with indications,
when required, as to the changes of letters from those given in the rule to

thosein the easeconsidered. Thusa* Tnuul:"—;.E " will mean what * Taut"” becomes

when ~p is written in place of p. If “ Taut :;ﬂ" i3 enclosed in square brackets

before an asserted proposition, that means that, in acrordance with * Taut,”
we are asserting what “Taut” becomes when ~p is written in place of p.
The recognition that a certain proposition is an instance of some general
proposition previously proved or assumed is essential to the procesa of de-
duction from general rules, but cannot itself be erected into a general rule,
since the application required is particular, and no general rule can explicitly
include a particular application.

Agpgain, when two different sets of symbols express the same propesition in
virtue of a definition, say %101, and one of these, which we will call {1}, has
been asserted, the assertion of the other is made by writing “[{1)({#101)}]"
before it, meaning that, in virtue of #1°01, the new set of symbols asserts the
same proposition as was asserted in (1), A reference to a definition is dis-
tinguished from a reference to a previous proposition by being enclosed in
round brackets,

The propositions in this number are all, or neatly all, actually needed in
deducing mathematics from our primitive propositions. Although certain
abbreviating processes will be gradually introduced, proofs will be given very
fully, because the importance of the present subject lics, not in the propo-
sitions themselves, but (1) in the fact that they follow from the primitive
propositions, (2) in the fact that the subject is the easiest, simplest, and most
elemientary example of the symbolic method of dealing with the principles of
mathematics generally, Later portions—the theories of clusses, relations,
cardinal numbers, series, ordinal numbers, geometry, ete.—all employ the
same method, but with an inereasing complexity in the entities and functions
considered,

® Later on we shail cease to wark the distinetion between 8 preioss and a role according to
which an inference s conducted. It la onfy in early proots that this distinotion |8 important



BECTION A] IMMEDIATE CONSEQUENCES ]

The most important propositions proved in the present number are the
following:
#2020 Fi1g.2.p2gq

Le g implies that p implies g, ¢ a true proposition is implied by any
proposition. This proposition is called the * principle of simplification ™ (re-
ferred to as " Simp ™), because, as will appear later, it enables us to pasa from
the joint assertion of g and p to the assertion of g simply. When the special
meaning which we have given to implication is remembered, it will be seen
that this proposition is obvious.
#208. FipDemg.D.qdm~p
#215. F:~p2g.J.~g2p
#2316, F:pJg.J.~qd~p
#21T. F1~qJ~p.D.pJyg

Thesefour analogous propoesitions constitute the “principle of transpoasition,”
referred to as “ Transp” They lead to the rule that in an implication the two
sides may be interchanged by tuming negative into positive and positive into
negative. They are thus analogous to the algebraical rule that the two sides
of an equation may be interchanged by changing the signs,
#204. Fr.p.3.g0r:D:g.0.pdr

This is called the “commutative prineiple” and referred to as * Comm."
It states that, if v follows from g provided p is true, then r follows from p
provided g is true,
#2056, Frglr.D:plqg.2.p2dr
#2086, F:1plg.D:igIr.D.pdy

These two propositions are the source of the syllogism in Barbara (as will
be shown later) and are therefore called the *principle of the syllogism "
(referred to as "Syll™). The first states that, if r follows from g, then if ¢
follows from p, r follows from p. The second states the same thing with the
premisses interchanged,
#208. F.pOp

I.e.any proposition implies itsclf. This ia called the * principle of identity
and referred to as “Id™ It is not the same as the “law of identity ™ (“ = is
identical with &™), but the law of identity is inferred from it (cf. #13-15).

#22l F:i~p.J.plyg
T2 a false proposition implies any propoaition.

The later propositions of the present number are mostly subsumed under
propositions in 3 or 4, which give the same results in more compendious
forms, We now proceed to formal deductions,
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#2301 F:pdemp.D.~p
This propositionstates that, if p implies its own falsehood, then p is false. It
is called the  principle of the reductio ad abswrdem,” and will be referred to as
“Abs."*® The proof is as follows (where “Dem.” is short for * demonstration”):
Dem.

[Ta.ut.:;f] Frrpyr~p.2.~p (1)

[(1).(#101)] F:pD ~p.D.~p
#202. F:gq.2.p29
Dem,
[A.dd:PE] Fig i apvg (1)
[(iel 1)) Fig.2.p2g
#2083 F:pIeyg.d.gqd~p
Dem.
[Pﬂﬂﬂ ‘;qung] k2 mpﬂ'nﬂ}'q,:.mq'ﬂ ~p {]:I
[0 ) w1-01)] Fipdeg.2.gd~p
204 Fup.D.gIr:D:g.2.pIvr
Dem,
[Am:%g] Fompy(mgvr),. 2. mg¥i~pvr) (1)

Ll

[{1)(w1-01)] FipedgIr:dig.d.pIr
#206. Figdr.J:plg.2.pIr
Deni.
[Sumf—;f] bFigdr.di~pvg.d, ~pvr {1)

(el )] FragIr.2:p2g..pIr
#2086 F:.pJg.2:gIr.D.pIr
Dem,
[Cumm!?iﬂ%-f'—ﬁgr] FegIdr.D:pDg.J.pIrs
P' ' Q2apdg.I:igI2r.d.pIr (1)
[w205] beagdr.Jiplg.d.pdr {2)
[(1}.(2).%1'11] Fiupldg.d:gIr.d.pIr
In the last line of this proof, “(1).(2).#1'11" means that we are
inferring in accordance with #1-11, having before us a proposition, namely
PIq.D:gdr.3.p I+, which, by (1), is implied by g 3r.J2:pJg.3.p ¥,
which, by (2), is true. In general in such cases, we shall omit the reference
to wl11.

® There in an interesting historical article on this principle by Vailati, * A proposito d” oo
paaao del Teeteto & di uos dimostrazione di Boclide," Rivieta di Filosw fa ¢ scienie qfine, 1004,
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The above two propasitions will both be referred to as the  principle of
the syllogiam * (shortened to " Syll *), because, as will appear later, the ayllo-
giam in Barbara is derived from them.

$207. Fip.d.pvp [ulﬂ%]
Here we put nothing beyond © lﬂ'Eﬁ . because the proposition to be

proved is what #1°3 becomes when p is written in place of q

#208. F.pDp
Dem.
[tE'DSP;—P’—ﬂ Fepvp.D.p:Dep.d.p¥p:d.pIp (1)
[Taut] Fipvp.2.p (2)
[(1)(2).8111] Fzp.d.pvp:d.pdp (3)
[#207] F:p.d.pvp ()

[(3).(4).41'11] F.p2Ip
#21. F.~pwp [#208, (%101)]
wZll. F.pve~p

[Perm :ﬁ] ":mpvp.:l.pvmp (1)
[(1)#2-L.a111] F.pveop
This is the law of excluded middle.
.‘2'12.. l" - Pj‘w{ NP}
Dem.
[tE‘II ?] ko mpve{m~p) (1)
[(1(#1-01)] F.pI~(~p)
213 F.opves|m(~p)l

This proposition is a lemma for #2:14, which, with #2'12, constitutes the
principle of double negation.

Dem,
|:5“m"_";:::l"_"'£:”j] Fromp.dumims(~p)| . 3:
pyp.d.pyefm(op) (1)
[uﬂz :PP] Frmp.d.m|mi(~p)) (2)

[(1).(2).01:11] Fipvmp. . pves|m(~p)l (3)
[(8).82:11.41-11) Fopvesim(~p)|



102 MATHEMATICAL LOGIC [PART 1

«214. F.~{~p)dp
Dem,

[pm'*_i':é':!*lt] Fipv~[~(~p)] . D ml~(~p)vp (1)
[(1).0213.6111]  F.~i~(~p)lvp (2)
[(2).(#101)] Fomlmp)Dp
#2168 F:~plg.D.~gdp
Dem,
v205 =1 = }] Figdm(~g).D:mpDg. D mpdn(~g) (1)
iz-mg] FogI~(~g) (2)
[(1).(2).81°11] Fimpdg:d.mpdeafng) (3)
&i‘ﬂE:H] Firwp dra{m~g). D, mg Dol mup) (4
[:xms_?—“;l '”‘:‘P"ﬂ Fam(~p)dp.D1mgdmimp) . D.omgdp  (3)
[(5hw214.%1'11] FimgDeo{mp).Doegdp (6)
[&i‘ﬂ.ﬂi ~p 3g.~p3~{~q}.~q3~(f:p}] -
P 4 r

A meg) e D g I ap): D,
mpIg. D pIefmugli Diewp Dg. Domeg I p) ("
[(4)(T)w111] Fiamplg.dimpdmsimg)sd:

pdg.demig Ieu(~p) (8)
[(3)(8)8111] F:~apIq.d.~gIn(~p) ®
. ~pIg,~qD ~(~p) ~g
w20 P2y g B q2p Frimegdrsfmpl. demgIp:
[ = g r ]- 4o~(>p) o

DitepIg g d~{~p)idi~pIg.I.~qdp (10)
[(6)(10) w1 11] Fioep Dg. Dureg D ~{ ~pht D
~pdg.d.~qIp {11)
[{9}:{ 11)h#1'11] F feep :}g. J.~g :P
Nate om the proof of «2:15. In the above proof it will be seen that (3),
{4), (8) are respectively of the forms p, Dp,, p: I py, gy D Pu, where p, D p, is
the proposition to be proved. From p,Jp,, p:Ips P pu the proposition
A p, results by repeated applications of #2005 or #2068 (both of which are
called ” Syll ). It is tedious awl unnecessary to repeat this process every
time it ig nsed ; it will therefore be abbreviated into
“I[Syll] Foda) (B)(ed. DE ()"
wheve (a) is of the form p, 2 py, (b) of the form p, D py, (e) of the form p, I p,,
and (d) of the form p, 3p,. The same abbreviation will be applied to a sorites
of any length,
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Also where we have “F.p," and “F. p, D p,," and p, is the proposition to
be proved, it is convenient to write simply
R e
[ete.] k.p
where “ ete.” will be a reference to the previous propositions in virtue of which
the implication “p, 2 p," holds. This form embodies the vae of #1-11 or #1°1,

and makes many proofs at once shorter and easier to follow. It is used in the
firat two lines of the following proof.

w218, F:iplg.d.~qgd~p

[#212]  F.gd~(~g).D

[#2-05] Fipdg.d.pderufrg) (1)
[HE'HEF—;E]P:F:IN{NQJ.J.mg]wP (2)
(Syll] Fo(1).(2).2F:pIg.d.~gd~p

Note. The proposition to be proved will be called * Prop and when
& proof ends, like that of #2:16, by an implication between asserted propo-
sitions, of which the consequent is the proposition to be proved, we shall
write *F . ete. J b . Prop”. Thus “JF.Prop " ends a proof, and more or less
correaponds to * Q.E.D."

#217. bieegdep.D.plyg

Dem.
[uﬂaﬁ] Freagdep.D.pIrlrg) (1)
[#2-14] Fire(~gld g:2
[#2:05] Fipd~(~g).D.pIg (2)
[Syli] Fo(1).(2). D F.Prop

#2:15, 216 and #2-17 are forms of the principle of transposition, and will
be all referred to as ® Transp.”

#218 F:~pDp.D.p

Dem,
[=212] Fopdmi{m~p).D
[#2-05] Fompdp.dompdmirp) (1)
[lz"ﬂl :J;E} I':wp:im{nup}.j.u{wp} (2)
[Syl) Fo(1)i(2).DFi~pDp. D . ~(~p) @)
[#214] For(~p)dp (4)
[Syl] F.(3).(4). k. Prop

This is the complement of the principle of the reductio ad absurdum. It
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states that a proposition which follows from the hypothesis of its own false-
hood is true.

#22. bF:p.D.pvyg
Dem.

F.Add.DF:p.D.qvp (1)
[Perm] Figvp.d.pvyg {2)
[SByll] F.(1).(2).2F.Prop

#22L Fi~p.D.pIg [.z-ai;f]

The above two propositions are very frequently used.
#2234 Fip.J.~pIyg [#221.Comm]
#2206 Fipivipvg.d.g
Dem.
F.a2l.DF:m(pvglv.{pvg):
[Assoc] Dbip.v.|[~(pvg).v.ql:DF.Prop

#226. Frpiviplg.D.g [12‘95?}:[

#Z22T. Fep.D:plg.D.q [e226]
#2323 Fipvwigvr).Dd.pvirvyg)
Dem.
[Perm;'g] Figvr.D.rvg:

[Suml;:f'-:;j] Jkipvwiger).d.pvirvyg)

#2831 Fipvigvr).d.(pvg)vr

This proposition and %232 together constitute the associative law for
logical addition of propositions. In the proof, the following abbreviation
{constantly used hereafter) will be employed®: When we have a series of
propositions of the form aJb, b, ¢4, all asserted, and “a3d" is the
proposition to be proved, the proof in full is a8 follows :

[Syll] Fi.adb.2:62¢.0.adc (1)
F:a.2.b (2)
[(1)(2):#111] F:bDe.D.ade (3
Fib.D.e (%)
[(3).(4)#1'11] Fi1a.D.c (5)
[Syll] Frade.D:cdd.D.add {6)
[(5).(6).#1-11] F1e2d.D.add {7
bF:e.D.d {B)

[(T).(8).#1-11] F:a.D.d

* This sabbrevistion applies to bhe same Lype of cases as Lhose conoerned in the noks to =315,
bot is often more convenient than the abbrevistion sxplained in that note.
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It is tedious to write out this process in full ; we therefore write simply
Fia.2.b.
[ete] D.e.
[ete] 2.d:2IF. Prop,
where “a Jd" is the proposition to be proved. We indicate on the left by
references in square brackets the propositions in virtue of which the successive
implications hold. We put one dot (not two) after 5" to show that it is b,
not “a b, that implies e. But we put two dots after d, to show that now
the whole proposition “ e 3 d™ is concerned. If “a2d" is not the proposition
to be proved, but is to be used subsequently in the proof, we put
Fra.2.b.
[ete]D.e.
[ete]2D.d {1k
and then “(1)” means a3 d." The proof of #2-31 is as follows:

Dem.
[#23]F:pvigvr).D.pvirvg).

[Amc;i—!;] d.rvipvy).

[Parm;’—p-gj] J.ipvg)vr:Ik.Prop

#232 F:(pvglvr.d.pvigvr)
Dem,

[Permp g ]l- {pvgivr.d.rvipvyg)

m’ﬂ] pvirvyg)
[ hgr d.p q
[#2:3] J.pvigvri: Ik, Prop

#2333 pvgvr.=.(pvglvr IM
This definition serves only for the avoidance of brackets.
#2386 FuLgldr.D:ipvg.d.rvp

Dem.
[Ferm) Fipvr.d.rvp:
[Syliﬂ-ﬁf'-%ﬁ-r-;?]3I-:+pvq.:l.pvr:3:pvq.3.rvp {1
[Sum] Frgdr.dipvg.ld.pvr (2)

F.(L).(2).8yll.2F. Prop

#237. bFogdr. digvp.d.pvr
[Syll . Perm . Sum]

#2388 Frngldr.digvp.d.rvp
[Syll . Perm . Sum]
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The proofs of #2-3738 are exactly analogous to that of «236. (We use
“ #2-3738 " as an abbreviation for * 2-37 and #2:38." Such abbreviations will
be used throughout.)

The use of a general principle of deduction, such as either form of * Syll,"
in & proof, is different from the use of the particular premisses to which the
principle of deduction is applied. The prineiple of deduction gives the general
rule according to which the inference is made, but is not itself & premiss in
the inference. If we treated it as a premiss, we should need either it or some
other general rule to enable us to infer the desired conclusion, and thus we
should gradually acquire an increasing aceumulation of premisses without
ever being able to make any inference, Thus when a general rule is adduced
in drawing an inference, as when we write “[Syll]F. (1).(2). 2 F. Prop,” the
mention of “ Syll" is only required in order to remind the reader how the
inference is drawn.

The rule of inference may, however, also oceur as one of the ordinary
premisses, that is to say, in the case of “Syll™ for example, the propesition
"$3g.2:¢I¢.I.pIr" maybe one of those to which our rules of deduetion
are applied, and it is then an ordinary premiss. The distinetion between the
two uses of principles of deduction is of some philesophical importance, and
in the above proofs we have indieated it by putting the rule of inference in
squoare brackets. It is, however, practically inconvenient to continue to dis-
tinguish in the manner of the reference. We shall therefore henceforth both
adduee ordinary premisses in square brackets where convenient, and adduce
riles of inference, along with other propositions, in asserted premisses, r.e. we

shall write e

“Fo(l).(2).8yll.OF . Prop”
rather than “[Syl)F.q1).02). 2 F . Prop”
#24. Fup.v.pvgid.pvyg

Dem.
F.#231.3Fnp.vipvg:dipvp.v.q:
[Taut.«238] J:pvgwn Ik, Prop
#24L Fig.v.pvg:d.pvyg
Dem.

[ﬁamc;'l-'%lj;] Fag.v.pvgidip.v.gvygt
[Taut.Sum] JipvgnIdFk.Prop

#242 Frno~p.v.plg:d.plyg [*2-4:}.}_']

#2443, bop.D.pJq:l.plg [#242]

#2446 Fi~(pvg).D.p [#22. Transp|

#246. Fr~uipvg).D.rg [#1-3.Transp]
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#247. Fi~(pvg).D.~pvyg F!E'H.H'E:PE-S}’H]

w248, Fi(pvg).D.pveg [.2-45.-1-3%‘!‘.5_-.ru]

#249. Fim(pvg).do~pveg ‘!E‘H.tﬂﬂ%q.Syli]

2B, Fin(pDg).D.~pIg [-5-41%‘3]

#2651 Fi~(pDg).D.pd~g |w248 .“_;E}

#262. Fin(pDg).D.~pInyg ahﬂ“—;f]
#2521 Fi~(pDg).D.qdp  [#25217]
#2083, Fipvg.2.~py

Dem.
F.#21288.DF:pvg. ., ~(~pivg:IF.Prop

#3064 Fi~plg.D.pvyg [%2-14-38]
#2856 Fi~p.Dipvg.D.g [#253.Comm]

#2066 Fi~g.Jipvg.2.p ['2'55%—%'?”}
#2686 Fi~plg.D:iplg.d.g

Dem.
[w238] btmpldg.dimpvg.Dd.gvy (1)
[Taut.Syll] krepvg.D.gvgidi~pvg.D.q (2)

Fo(l){2).8yl. 2 FsumpIg.diepvyg.D.gi.2F. Prop
#26l. bF:nplg.di~plg.D.q [#26.Comm]
#262. F:.pvg.Dd:iplg.D.q [w2536 . 8yl]
#2621. Fr.pDg.D:pvg.D.q [#262. Comm]
#263, Fipvg.-Di~pvyg.d.qg [#262]

w284 Fipvg.Jipveq.I.p [tE'lEa;;-'—'E.Ferm]

%265, F1.pJg.Dipd~g.dump [ﬂﬁ-s:;-']
#267. bFipvg.D.q12.p3g

Dem.
[#254.8511] Fr.pvg.D.g:D:i~pIg.D.q (1)
[#224.8yll] Fimpg.D.q:D.pyg (2)
F.(1).(2).8yll. D F . Prop
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#268. Fi.pDq.D.q:D.pvy
Dem.

[aﬂ-ﬁ:r %p]l‘:.qu.:l.q::}.ijq (1)
F.{l).#254. Dk, Prop

#2469 FrpJg.D.g:D:¢q2p.J.p -rE'EB.Perm.ﬂ'ﬁEﬁ]

#273 bFupdg.D:ipvgvr.d.gvr [#2:621-38]

#2T4. b gdp.Dd:ipvgvr.d.pvr '.zqgﬁ.m.s;.ru]

#2786 Faipvg.Ddup.ov.gIr:Dd.pvr tE'N—-NfJE'&E'Sl]
#2768 bep.v.gDdr:Ddeipvg.d.pvr flE'TE.Comm]
#2T77. Fup.D.glr:D:plqg.J.pIr l!'?ﬁ:PE}
#28, bFugvr.Di~rvs.Dd.gvs i
Lem,
F.e253. Perm . Db tagvr.Di~r2dg:
[«2-38] Ji~rvs.dogvsn k. Prop
#28l Fi:g.D.rDs:Dupvg.dipvr.d.pvs
Lem,
F.Sum.J3F:g.D.rds:J0pvg.dip.v.rIy (1)

F.e276.8¢ll.2Fa2pvg.dep.v.rdend
PY¥g.dipvr.d.pvs (2)

Fo(1).{2). 2F. Prop
#2382 Fipvgwr.Dipv~rva.dopvgvas
[.,2.3 #2681 w&*]
1,

, £
#2383 Fup.D.glr:Dup.D.rDe:d:p.D.gIs
[.g-ﬂgﬂ]
poq

#2868 FrLpvg.d.pvr:d:ip.v.gIr

Dem.
[Add.Syll] Fropwg.D.r:D.gd7r {1)
F.o255.3Fu~p.Jipvr.d.ri.
[Syil] Jupvg.d.pvr:dipvg.d.re.
[(1).=2:53] Junpvg.d.pvr:digly {2)
Fo(2)Comm.JF: peg.d.pvr:di~p.J.gIr:
[w254] Jdip.v.gIr:. k. Prop

#2868 FipJg.2.pJr:D:p.J.gdr [ﬁi‘ﬁ&%’}]



