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MR. LEWIS AND TMPLICATION

TZ-IE theory of implieation developed by the symbolic logicians seems

to have aroused a eonsiderable degree of antagonism among eer-
tain students of Logie. There are many philosophers to whom you
can not mention the name *‘Russell,”’ without evoking such com.
ments as, ‘‘His logie Is purely artifieial, for it is nonsense to suppose
that a false proposition jmpiles any propesition, or thai any propo-
sition implies any true propesition,’” or, “ Whe eould ever reasonably
waintain that, ‘The moon is made of green cheese,” implies, * Caesar
died in his bed?’ 77 Most of these critics have not expressed their
chjestions to My, Russeil’s position in black and white, so that it is
impossible for us fo see just in what the strenpth and the weakness
of their arguments consist; Mr. C. 1. Lewis, however, hag had the
courage of his convietions and has developed his eriticisms of the
views of Mr. Russell together with ceriain very interesting logical
theories of his own in a series of articles whick have appeared partly
in Mind and partly in this JOoUunNAL.

The sum and substanee of Mr. Liewis's objections to Mr, Bassell
is this: Mr, Russell, following the older symbolic logicians, holds
that a false proposition implies any propesitien and that any prope-
gition implies any irue proposition. That is, p implies ¢ 1f either p
is false or ¢ is true. Mr, Lewis eluims, and net without a certain
degree of justies, that this is act whai we ordinarily mean by mpli-
eation, We do notf, for example, usually say that, ‘*Socrates was a
solar myth,”’ imyplies, “* All {riangles have two or more gides.’”’ There-
fore, as Mr. Lewis tells us, “'Not only does the caleslus of implica
tion contain false theorems, bnt all its theorems are not proved. For
the theorems are implied by the postulates in the sense of ‘implies’
which the system uses. Hence i has not heen demonstrated that the
theorems can be inferred from the pestulates, even if ali the posta-
Iates are granted. The assumptions, e. g., of the ‘Principin Mathe.
matica’ imply the theorers in the same sense that a false proposition
smplies anything. '™

Mr. Tewis’s reasoning hers iz fallacions, and the fallacy he com.
mits is that of denying the sntecedent. From the fact that if a set
of postuiates deals correctly with our ordinary relation of inference,
it will yield us a correct logic, he infers that if a set of postulates
fails to desl with this relation, and, like the Russellian logic, seizes
upon seme sther relation as ifs fundaments! notion, the logic to
whick it leads must be faulty and fncorrect.  This ix o manifest and
a grave error; if is coneeivable that we may develop a valid theory

*This Joumyan, Vol X, p. 242,
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of demonstration, the fundamentsl notion of which is other than
what we ordinarily eall inference, which is eorveetly derived from
its own postulates. It ic not necessary that a theory whose purpose
it is to yield ug a norm of valid inference should iself in the first
insiance be a theory of inference. We say thai one proposition can
be inferred from another if there Is a certain relation between them
such that we are compelled to ascept the former proposition ag irue
if we accept the latter one.  The parpose of Logie, in so far as Logle
is a norm of inference, is fo provide us with certain methods which,
when applied to any irue proposition of & suitable sort, wili yield us
other true propesitions. These methods need not of themselves in-
volve any reference io the concept of inferenee, and may not lead us
to realize that they are methods of inference. Tndeed, they can nof
iead ns to realize that they are methods of inference, even if they
setually eoncern themselves with such methods, for then they would
form a portien of their own subject-matter, and we should be in.
volved in that philosphiesl Hfting of oneself up by one’s boot-straps,
the pernicious eonseguences of which have been pointed out so well
by Mr. Bertrsnd Russell in that part of the “Principia Mathe-
matica’’ which deals with the theory of types. If the natural his-
tory of the process of inference is a braneh of Logle, it Is a Logic of
a very different type from that which if is the purpose of the logis-
tisians to develop, and there is no reason under the sun why thig
latter Liogie should be doomed under penalty of death to make nse of
gur every-day netion of implication,

The only guestions, then, whichk can reasonably be asked concern-
ing the vorreciness of the Hussellian Liogic are, Is # actuslly a cor-
reet norm of valid inference? and, Is the coherence and self-consist-
eney which it elaims for Hself, and fries to Justify by an orderly
derivation of its theorems from a small and simple set of postulates,
genuine or factitions? As we have already seen, Mr. Lewis answers
both of these questions in a manner adverse to the claims of Mr.
Raussell, but we have found his arguments {0 be fallacious, To arrive
at the trne answer to these guestions, we must discuss what the
function of postulates is in & deductive system such as the Russellian
togie. Now, the main funetion of the postulates of any system ig to
stand as hostages for the system: they mnsi he statements, the ac-
cepiance of which commits one to the acceptance of the entire system
as true,  That is, we must be able to affirm that the systew of props-
sitions is true, unless, by chance, the postulates should fail 0 he satis-
fied. This is not fo be taken, ag Mr. Lewis seems fo be in danger of
taking it, ag the assertion of any cceult eonnection or metive foree
aeting between the postulates and the systern: there is no need for ns
to suppose that the trath of the propositions is conditionad in any
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eansal way by the truth of the postulates. That either the postulates
are false, or the system of propositions is true®—this is a1l we need
Imow concerning the relation which the pestnlates of Logie hear to
the system of lagical truths, since this is enough to secare for us that
the truth of the propositions of Logie must he maintained by any one
who believes in its postulates, It matters not whether the dishune-
tion expressed in this last proposition be what Mr, Lewis ealls *ex3-
tensional” or what he ealls “intensional’’ —if i is a mere exton-
sional disjunction, sueh as can hold hetween two unrelated and mu-
tually irrelevant propesitions, then we may have attained our knowl-
edge of the truth of the propositions of legic independently of onr
postuiates, but we shall have attained it, nevertheless, 8o long ag the
aonditions of the trath of cur theoresss are not incorrectly extended
and expanded, the guestion of the genesis of such propesitions az we
secept a8 true has no interest for us, except in so far as it is bound
up with the question of their validity. The knowladge of the posia-
Iates must be a sufficient ground for a knowledge of the theorems
if we find that it is more than safficlent, and that we do not need a
previous knowladge of the postulates fo attain io that of the {heorems,
sa much the belter. If that is, we intorpret Mr. Lewis g8 maintaining
that we are justified in inferring one proposition from another when-
aver we ave able to proceed fo the first from the second by a valid
process of reagoning, then, sinee we are clearly bound to aceept the
Hussellian theorems in the Algebra of Legie if we accept the Rus.
sellian postulates, we must maintain that the Bussellian postulates

z2In an ariicle entitled, ** A Too Brief Set of Portulates for the Algebm
of fogie? (Thiz Joorwasn, Volume XIL., p. 5233, Mr. Lewis makes what
practically amounts fo the claim that the postulate, ‘“Auy true proposition
implies ali true prepositions,’” is a suflielent basis for the whole of logie, o7
rather, that the methods of the Russelfirns should lead them fe this conclusien,
which Mr. Lewis regards ss very objectionable. The grounds on which Mr.
Lgwiz bases thiz claim are that since this postulate iz true, and since it tells us
that any true proposition hmples wny true propositiom, it implies {in its own
sense, which is alse that of My, Bussell}) any trae proposition whatever, There
is wo guestion that Mr. Lewis’s postulate does actually imply any frue proposi-
tion, but this is not the entire fwnction which a postulate must £l The faet
that any proposition in a mathematical system, so it =eems, can be wmade a
member of some set of pestulates or other, slmply goes to show that the primacy
of the postulates of 2 wathematical system is a primuey in the order of knowl-
edge, not in the order of existence. T meod not say, however, that sven this
primsey of the postulales of a system refery cnly to their status within a given
tnvestigation. New, it i obvious that this priority in the order of kmowladge
can not be claimed for Mr, Lewis’s postulate. 31 is for this reasen that 1 kave
said that the fact that sither a theorcm must Be true or & set of postulates
false I8 all that we must Zuow for os to be able to say that they imply $he

theorem, snd not that it is all that need be true to render the Iatter statement
frue In Hy usual sense,
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imply the theorems, not only according te their own pecaliar defini-
tion of the relation of implication {which may, indeed, have but little
in eommon with the ordinary definition of that relation), but precisely
aecording fo cur usual understanding of the relation of fmplestion.
Now, this is taken by Mr. Lewis himself as the ultimate eriferion of
the true nature of implication,

It may be objected by some that the relatien of implication by
which we obtain the theorems of logis from its postulates—or, indeed,
any theerems from any postulates—is not mersly the Russellian re-
lation of material hmplication, which a false proposition bears to any
proposition and any proposition to a true one. As Mr. Lewis says,
“Fuelid’s parallel pestulate or Lsbachevski’s postulate sbout so-
planars ig--one of them—false. Neverthelesg, he errs who would take
either postulate fo imply anything and evervthing, Logical conse.
quences follow regardless of truth or falsity of premises.’™ (Mr.
Tewis’s statement here is anguestionably frus, Mr, Bussell’s ma-
terial implication iz not adeqnate to the deduetion of the theorems of
geometry from thelr premises, and it mighi be thought that it is stiil
lass adequate te the deduction of the theorems and propositions of
logie from Mr. Russell’s set of primitive propositions. This, how-
gver, is not the case. There s, as Mr. Lewis himself recognizes, a
vast difference between the postulates of logie and the postulates of
geometry.  ‘fPure mathematies is not concerned with the ¢{ruth either
of postulstes or of theorems: 3o much 18 an old story .. .. Indead, the
attempt to separate formal consistency and material truth is, in the
case of the logic, peeuliarly diffieult.’™*}  That is, pure mathematios
is concerned only with the question whether the theorems follow from
the postuistes, while logic must {ake its postulates and theorems as
both true. A mathematical set of postulates can he investigated
without any reference to an setnal system which in reality embodies
them, while the postulates of logic, in so far as they remain postulates
of logie, must be regarded as aetvally embodied in the constitution
of every systerm. The postulates of geometry are hypotheses, or fypes
of possible trufhs; the postnlates of logle, if they are correaily siated,
ave truths. Now, a hypothesis or type of truths is not a proposition,
The postulates of geomeiry, gue postalates of geometry, may apply
indifferenily fo poinis in spaee or fo numberdriads or to any other
sort of entity you please, and are on this very aceount neither trus
nor falge in themselves, but only in thelr particular manifestations,
Sinee they ars neifher true nor false, and hence not propositions, i
is nonsenss to speak of their implying anything or being implied by
anything in the same way in which we van speak of propositions,

2 This JourNaL, Vol X., p. 432
4 IBid., p. 428,
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sueh as the postulates of logie, as implying or being implied by some-
thing. It is only natural, then, that it should be permissible to use
methods in deducing the thsorems of logie from their postulates
which are prokibited in the case of the postulates and theorems of
geometry. It is by virtue of the very distinetion between logie and
other branches of mathematics, which Mr. Lewis siresses so strongly,
that the objections which he raises against Mr. Eussell’s employment
of the relation of material implication in the development of hig
theorems may be shown fo be irrelevant,

The relation of implication which the postulates of geometry hear
to its theorems deserves a farther eonsideration, for s misapprehen-
gion of the nature of this relation is at the boitom of most of Mr.
Tewis’s exrors. The postulates of geometry, ag we have seen, are not
prapositions, but blank forms of propositions, which may be filled in
in a countless number of different ways. Thus the postulate, “* Any
twe points are conneeted by one and only one line,”” may be filled
in with a content consisting of actual spatial entities, or of number-
trinds {in place of points) and pairs of linear equalions iv three
unknown quantities (in place of lines}, or with any vne of an infinity
of other possible specific deferminations, Now, Mr, Rassell denofes
& blank form for propositions by the names, “‘universal’’ and *‘propo-
sitional function.”’ Mereover, he has given a definite and complete
discussion of the relation of implication between propositional fune.
tions, which he ealls the relation of formal smplication. A propo-
sitional funetion ¢ is sald to iwply ancther ¢ formally if every entity
which 8lis out the blank form ¢ into a true proposition also filis out
the blank form ¢ into a true proposition.® Thus to say that the postu-
lates of geometry imply the theorsms formally is to say that every
gystem which satisfies the postulates of geometry alse salisfies the
theorems of geometry. This is manifestly trae of the postulates and
theorems of our geometry, and constitutes s necessary condition for
the validity of the Iatter. A little reflection will eonvinee us that it
is also a suffetent condition, for otherwise we should have theorems
not implied by the postulates of geometry, but true of all geomet-
rical systeros. This means of all possible geometrical systems, for a
geometrical sysfem i a universal, and the possibility of a universal
is identical with its actuality. Now, we should ordingrily say that
any propesition fellows from a given set of postulates, if it is true of
every possible system whieh satisfies these postulates, en the ground
of the very nature of universals themselves. As g couseguence, we
see that Mr. Russell’s notion of formal inoplication among universals
ig in every respect in harmony with our every-day use of the term.

& Whitshead and Russell, <¢Principia Mathematies,” p. 21
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Tt ig thig relation of formal implcation which Mr. Russell always
uses when he derives the theorems of any mathematicsl system, such
as that of limear orden,® from their postuiates, and the correciness of
his view of the natare of fmplication is subsiantiaied by ihe fact that
in every aase his resulis have agreed with those of sther mathema-
ticians who have made use of the same postulates.

It may be objected to this analysis of ihe relation of implication
between postulate and theorem, that the relation of implication stili
holds, and differs from that of material Impleation, when our pos-
tulates are propositions coneerning speeifie ohjeeis, and noi mere
propasitional funetions which may apply to anything at all. I think,
however, that it is only in so far as they are taken ag the represent-
atives of propositional funetions that propogitions imply anything
in this sense. When 1 deduce the properties of actual spsee from
Buelid’s postulates, I am really deducing conclusions from certain
laws which an infinity of gystems may satisfy, and which our space
does satisty, and I am applying them fo our space. The possibility
of a reference fo other systems plays an essential part in the dedue-
fion,  So, too, when I say, “If it raing, T shall get wet,”’ the real
implication which 1 desire to assert is, “In any situaiion such as the
present, when it Iz raining on me, 1 get wet”” The tacit, “‘other
thingg being equal,’” which may always be prefixed {o sueh implica-
tions, poinis out the unlversality of reference whick sueh bmplications
are intended fo have, as will he seen if we write it, *‘whenever cther
things ave equal.’  This explains the unpaturainess of such material
tmplications as, “‘If two and two are four, Caesar is st alive,”” for
thers ig no obvious general law or formal implieation o which they
may be reduced as instances.

The reason why Mr, Lewis seems unsble to undersiand the signifi-
eange or even the nature of Mr. Russell’s formal implication appears
to he that he ignores the distinetion befween proposifions and propo-
sitional funetions. Henee be vegards (&) 1 ¢o-U-yu, the relation of
formal implication between two laws, as but a particulay instance of
what he calls “strict jmplieation,”’ which relates propositions” PFur-
ther on in the same article, he speaks of “‘eages”’ of the truth or falsity
of & proposition, while a proposition, unlike & propositional function,
iz either stmply truoe or simply false, and can have no insfances of
truth or falsity.  These slipg are particulariy reprettable in the case
of a man whoe has published s0 exientively on logistical matiers as
Mr. Lewis has, Ef Mr. Lewis disagrees with Mr, Russell’s distinction
between propositions and propositional functions, he shouid have
made the faet of this disagreenent clear before setting forth on his

8 ¢ Prineipis Mathematiea,”’ Vel IL, Part V.
v This Journal, Vel X, p. 430, note,
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eriticizm of Mr. Russell’s logistical views, as this distinetion iz the
heart and sonl of the Russellian logie

Mr. Lewis’s arguments against Mr. Russell have litile logieal co-
gency, and one feels that they were developed to give an exense for
his constractive work in the definition of his system of *strict bmpli.
cation,”” which really requires ne such apology for iig existence. I3
is not the place here for me {0 comment upon this exceedingly valu-
able and interesting piece of work, except to remark that itz logical
worth is utierly independent of an seceptance of Mr. Lewis’s coneen-
tions against Mr. Russell. One may grant that the Bussellian sys-
tem is both a logie and a self-subsistent logle, and vet realize the
ohvious fact, which it is t0 Mr. Lewis’s eredif to have noticed, that i
i# unsble io dlstinguish between the notion of truth, pure and simple,
and the notion of that truth which resnits as a conseguence of the
laws of logic alone®  The logie developed by Mr, Lewis is able to give
an account of this notion, and is, in so far, more complete in its ap-
paratas-though not necessarily more correet in any way-—ihan that
of Mr, BHussell, In the form which it fnally assumes, it starts with a
distinetion between de fasfo and necesgary falgity, from which a
natural transition leads us fo the notions of necessary and de facio
fruth, disjunciion, and implication. The whole theory is carvied ould
with great patience and ingenuity, and taking i all in all, with log-
iesl eorrectness.t It is, however, a supplement to the Rassellian logic,

and net a refutation of it, NorsEre WIENER.
Hanvary UNIVERSITY.

SOCIETIES

NEW YORK BRANCH OF THE AMERICAN PSYCHOLOGICAL
ASSOQOCIATION

Hi New York Brangh of the American Psvchological Associa-
tion met in conjunetion with the Section of Anthropology and
Psyschology of the New York Academy of Neienees, on Monday, May
1, at Columbia University. The following are abstracts of the papers
read:

80, #*The Matrix Algebra for Implications,’’ this Jounwar, Vol. XL, pp.
585804, This represents the most finished form of Mr. Lewis’s system.

o Mr, Lewis fails to include smomg his posinlaies any one, such o
mifoe o ey b, which would definitely distingoish his algebrs from the tradi-
tional logieal calenius. He alse states i as & self-evident principle that mutually
eqivalent propesitions wmay he subsiituted for oue another, whereus this is
capable of prosf, se far as the operations of his algebra sre fhemusives con-
cerned, on the basizc of hiz postulates, and stamds in meed of such an expliclt
proof. These are, however, only minor inadequacies, and are in ne way fauls
of the Lewis ' Algebra of Logic’! Haelfl



